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Prediction of Formation of Wavy
Surfaces in Rolled Plates by
Post-Buckling Analysis
Excessive wavy surfaces formed by a cold- or hot-rolling process in a thin plate degrades
the value of the plate significantly, which is called the flatness problem in the industry. It
is a result of post-buckling due to the residual stress caused by the rolling process.
Because the buckling occurs in a very long, continuous plate, a unique difficulty of the
problem as a buckling problem is that the buckling length is not given but has to be
found. In many previous works, the length that gives the lowest critical load of the plate
for the given load profile was taken as the buckling length. In this work, it is shown that
this approach is flawed, and a new approach is developed to solve the flatness problem by
extending a classic post-buckling analysis method based on the energy principle. The
approach determines the buckling length and amplitude without using any unfounded
assumptions or hypothesis. Using simple displacement functions, approximate solutions
are obtained in closed forms for the plate subjected to a linearly distributed residual
stress. The new solution approach can be used to determine the condition for the maxi-
mum rolling production that does not cause the flatness problem.
�DOI: 10.1115/1.4000908�
Introduction
In a thin metal plate produced by a rolling process, sometimes,

xcessively wavy surfaces are formed because of high residual
tresses in the plate �1,2�. This is called the wave or flatness prob-
em in the industry, which significantly diminishes the commercial
alue of the plate. Once formed, rectifying the problem using
easures such as roller-leveling or edge-trimming is not only

ostly, but also ineffective. A much desired solution is preventing
he problem by a proper design of the process, which requires an
ccurate simulation method to predict formation of the wave. The
roblem requires solving a post-buckling analysis. A unique diffi-
ulty of the problem is that the buckling length is not given, but
as to be found because the wave is formed in a very long and
ontinuous plate.

Various methods were proposed to predict the formation of the
uckling wave, including empirical �3�, analytical, or numerical
ethods �4–8�. A two-step approach has been employed in most

f these numerical works. In the first step of the method, the
uckling length is determined based on a prebuckling analysis.
he plate length that gives the lowest critical load for the given

oad profile is selected as the buckling length. In the second step,
he buckling amplitude is calculated by a post-buckling analysis
or the buckling length of the plate found in the first step. How-
ver, the critical load decreases monotonically as a function of the
late length in many load cases. Obviously, the minimum critical
oad cannot be defined in these cases. Even if the minimum criti-
al load is defined, the approach seems to find a buckling length,
uch longer than what is observed in actual products. It will be

hown that the approach is actually based on a flawed interpreta-
ion of the wave formation process; therefore, it is incorrect.

Timoshenko and Gere �9� showed that an energy approach can
e used to solve post-buckling problems. They found the deflec-
ion of the plate from the condition that minimizes the strain en-
rgy of the plate. It was realized by the authors that the method
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can be extended to determine the buckling length, that is, the
buckling length can be determined from the condition to make the
strain energy minimum for the entire rolled plate. The approach
enables solving this type of post-buckling problem for the first
time correctly without using any unfounded assumptions or hy-
potheses.

2 Preliminary Discussions

2.1 Definitions. Figure 1�a� illustrates a buckling wave
formed in a very long rolled plate. Flatness, �=� /L, the ratio of
the buckling amplitude � and buckling length L, is used in the
industry to assess the seriousness of the problem. In this paper, the
plate length indicates the natural length of the plate, and the buck-
ling length indicates half of the wavelength of the wave formed in
the plate. In most cases in plate buckling problems, the length of
the plate is given and the critical load �in prebuckling problems�
or the buckling amplitude �in post-buckling problems� is to be
found. However, the buckling length is not given, but has to be
found in the wave problem.

Due to the periodicity of the deformation, only one section of
the plate shown in Fig. 1�a� can be used to represent the entire
system. The section is shown as a free body in Fig. 1�b�, which is
a rectangular plate that has simply supported edges along the line
x=0 and L, and free edges along the line y=B. The simply sup-
ported edges are subjected to the axial force. Only a symmetric,
linearly distributed, self-equilibrated axial force is considered in
this work. A more general form of axial load requires a numerical
procedure, which is the subject of a sequel paper of this work.

Figure 1�b� shows that the axial force is compressive at the
edge of the plate and tensile at the center of the plate, which is
called the edge compression case. The center compression case
refers to the opposite, the plate subjected to the axial force com-
pressive at the center of the plate, and the tensile at the edge of the
plate. The analysis method will be developed for the edge com-
pression case, which can be easily modified to the center compres-
sion case. The edge load is the resultant of residual stresses result-
ing from the rolling process, which has to be calculated by a
plasticity analysis of the rolling process �10�.

Because of the symmetry of the system, only the upper half of

the plate can be considered. The edge load Nx�y� is represented as
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Nx�y� = N0n�y� = N0�1 − 2� y

B
��, 0 � y � B �1�

here N0 is the maximum compressive load and n�y� represents
he load profile.

A prebuckling analysis can be conducted with the following
ssumed displacement field:

w�x,y� = W�y�sin
�x

L
= �C0 + C1y + C2y2 + C3y3 + . . .�sin

�x

L

�2�
he prebuckling analysis is straightforward. For example, apply-

ng a Rayleigh–Ritz method leads to an eigenvalue problem in
erms of N0, and the smallest eigenvalue becomes the critical load
9,11�.

2.2 The Flaw in the Past Approach That Used the Plate
ength That Gives the Lowest Critical Load as the Buckling
ength. Many researchers adopted an approach to use the plate

ength that gives the minimum critical load as the buckling length
5,6�. The buckling length determined as such is then used in the

ig. 1 Buckling wave formed in a rolled plate; „a… a very long
late where the wave is formed. Definitions of the buckling

ength „L…, buckling amplitude „�… and plate thickness „h… are
hown. „b… The free body diagram of the plate section of one
uckling length. Coordinate system and the edge load Nx„y… are
hown.

Fig. 2 The concept to determine the
load calculated as a function of the
based on the minimum critical load
assuming that the axial load in the p
length is kept constant „illustrated a
actual path of the axial load-plate le

path illustrated as “1–2” in Fig. 2„a….
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post-buckling analysis to calculate the buckling amplitude.
Figure 2 illustrates the implied logic of the aforementioned ap-

proach. The curve indicated as N0,cr in Fig. 2�a� shows the critical
load calculated for a given axial load profile as a function of the
plate length. In this case, the buckling length will be determined
as L1, the plate length that gives the lowest critical load. This
approach assumes that the axial load increases from a very small
value �indicated as “a” in Fig. 2�b�� in a very long, initially un-
stressed plate to the level of the lowest critical load indicated as
“b.” In this case, the plate will deflect along the path b-c with the
buckling length L1, and buckling with other plate lengths will
have no chance to occur.

While the logic explained above may appear plausible, how-
ever, for many edge load profiles, including the linear edge load in
Fig. 1, the critical load decreases monotonically as a function of
the plate length. Obviously, the minimum buckling load will not
be defined; therefore, the buckling length will not be defined by
the approach in these cases. Even for the cases in that the mini-
mum buckling load is defined, the buckling length is often iden-
tified much longer than typical lengths observed in rolled plates.
Also, the approach predicts that the wavelength will be indepen-
dent of the magnitude of the edge load, which also contradicts
with observations. This is because the approach is flawed. The
flaw in the approach is explained as follows.

In the approach, it is assumed that the edge force of a very long
plate starts to increase from a small value. In reality, the residual
stress in the plate is quite high already when the plate exits the
rollers. As it is illustrated in Fig. 3, the plate will exit the rollers in
a unbuckled form with quite a high axial load. The length of this
unbuckled part L �see Fig. 3� will keep increasing as the plate is
rolled out, while the residual stress will also change. This process
is described by paths 1–2 shown in Fig. 2�a�. The plate will start
to buckle when the unbuckled length L �the flat part before the
wave is formed shown in Fig. 3� of the plate becomes Lc, long
enough to initiate buckling of the plate. Note that at the end of
path 1–2, the load N0 has to be higher than the critical load
corresponding to Lc to cause an appreciable post-buckling deflec-
tion. From Fig. 2, it is easy to see that the buckling length will be
completely different from what will be predicted by the minimum
critical load hypothesis. Because it is not possible to find actual
paths 1–2, we need to develop a new method to determine the
buckling length. We develop the method based on the energy prin-
ciple, as it will be discussed in Sec. 2.3.

2.3 Post-buckling Analysis Based on the Energy Principle.
We reviewed the post-buckling analysis method used by Timosh-

ckling length. „a… N0,cr is the critical
te of length. The previous approach
termines L1 as the buckling length
increases from zero while the plate
e path “a-b-c” in Fig. 2„b……. „b… The

h will describe a path similar to the
bu
pla
de
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ngt
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nko and Gere �9�, which led to an idea to develop a new method
o solve the flatness problem. The strain energy of the plate sub-
ected to an in-plane force is

1

2
U = h�

0

B�
0

L
1

2
��x�x + �y�y + �xy�xy�dxdy +

1

2
D�

0

B�
0

L �� �2w

�x2

+
�2w

�y2 �2

− 2�1 − 	�	 �2w

�x2

�2w

�y2 − � �2w

�x � y
�2
�dxdy �3�

here D=Eh3 /12�1−	2� is the flexural rigidity of the plate, E is
he Young’s modulus, and 	 is the Poisson’s ratio. Notice that we
onsider only the upper half of the plate by taking advantage of
he symmetric geometry. The stresses �x, �y, and �xy are related
ith strains �x, �y, and �xy as follows:

�x =
E

�1 − 	2�
��x + 	�y�, �y =

E

�1 − 	2�
��y + 	�x�, �z = 0,

�xy = G�xy, �xz = �yz = 0 �4�

�x =
�u

�x
+

1

2
� �w

�x
�2

, �y =
�v
�y

+
1

2
� �w

�y
�2

, �xy =
�v
�x

+
�u

�y

+
�w

�x

�w

�y
�5�

he first and second integrations in Eq. �3� respectively represent
he strain energies due to in-plane deflection of the midplane and
he bending deflection of the plate. The total strain energy U in
q. �3� should not be confused with the incremental strain energy
sed in a typical prebuckling analysis. It should be noted that w in
q. �5� is not small, compared with h; therefore, displacements w,
, and v are all coupled.
The transverse displacement field of the plate can be assumed

s follows:

w = W�y�sin
�x

L
�6�

here W�y� represents the shape of the deflection across the width
f the plate. The in-plane displacement in the x-direction is as-
umed as follows:

u = �o�y� · �x −
L

2
� + cu�W�y��sin

2�x

L
�7�

here the first term represents the effect of the residual stress and
he second term represents the effect of the transverse deflection
ue to buckling. �o�y� is the residual strain calculated from the

Fig. 3 Illustration to explain the pro
the plate that keeps moving through
part of the plate is initially very small
stress is quite high „point 1 in Fig. 2
buckled length will increase and th
load becomes large enough to cause
point 2 in Fig. 2„a….
lasticity analysis without considering the buckling deflection.
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The form of the second term was chosen based on the following
logics.

�1� The term should be zero valued at x=0 and L because the
edge line should remain vertically straight after buckling to
maintain the continuity of the plate.

�2� The displacement should be symmetric about the centerline
�x=0�.

�3� The magnitude of the term should be proportional to
�W�y��.

The in-plane displacement in the y-direction is taken as

v = cv sin
�y

2B
sin

�x

L
�8�

v in Eq. �8� is chosen based on following logics.

�1� v is expected to be zero at x=0 and L, at which w is zero,
and maximum at x=L /2, at which w is maximum.

�2� v should be symmetric about the centerline �y=0�.
�3� v should be maximum at the free edges �y=B and −B�,

where w becomes maximum.

v is also expected to be proportional to W, however, it was not
chosen as such. Because v is expected to be much smaller than u,
Eq. �8� is considered to be an acceptable form. This way, v is
reduced to a one-term function that simplifies the analysis consid-
erably. A similar approach to choose the assumed displacement
field is found for shell vibration analysis �12�.

W�y� has to be selected based on the expected form of trans-
verse deflection. The symmetric and antisymmetric modes can be
considered separately for numerical efficiency. The two-term ap-
proximation of W�y� of the symmetric mode is

W�y� = c1 + c2� y

B
�2

�9a�

and, of the antisymmetric mode, is

W�y� = c1� y

B
� + c2� y

B
�3

�9b�

Because W�y� in the part of the plate subjected to the compression
has to be larger, the antisymmetric mode is not an acceptable form
for the center compression case. For example, the prebuckling
analysis of the plate using Eq. �9b� as W�y� does not yield a
critical load.

s of the buckling wave formation. In
rollers, the length of the unbuckled
ile the axial load due to the residual
…. As the rolling continues, this un-
xial load will also change until the
ite buckling deflection, reaching to
ces
the
wh
„a…

e a
fin
The strain �o�y� in Eq. �7� can be related to the edge load. From
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q. �7�, �x=�o�y� and �y =0; therefore, �x=Nx�y� /h= �E /1
	2��o�y� at x=0 and L. In the edge compression case, this leads

o

�o�y� =
Eh

1 − 	2Nx�y� =
Eh

1 − 	2N0	1 − 2� y

b
�
 �10�

he center compression case can be solved by taking �o�y�=
�Eh /1−	2�Nx�y�.
By substituting the assumed displacements in Eqs. �6�–�8� into

q. �3� and performing the integration, the strain energy U is
btained as a function of c1 ,c2 ,cu ,cv. The energy principle states
hat the deflection of the plate will take the form that minimizes
he total energy of the system; therefore

�U

�c1
= 0,

�U

�c2
= 0,

�U

�cu
= 0,

�U

�cv
= 0 �11�

our nonlinear equations resulting from Eq. �11� are coupled.
hese equations have to be solved to find c1, c2, cu, and cv, which
ere conducted to work symbolically by using MATHEMATICA

2.
With c1 and c2 found, the maximum transverse deflection, i.e.,

he buckling amplitude, is found from Eq. �9�. Figure 4 plots the
uckling amplitude of the plate subjected to the edge load defined
n Eq. �1� for various levels of N0 calculated by using the sym-
etric buckling mode �Eq. �9a��. B=200 mm, L=400 mm, h
1 mm, and E=229.365 GPa were used. A nonzero buckling
mplitude is obtained only when N0 exceeds 7.52 N/mm, which is
he critical load. Approximately, the same critical load is obtained
y a prebuckling analysis. Obviously, the prebuckling analysis is
uch simpler if the critical load is the only information needed.
hen N0 is lower than 7.52 N/mm, no real-valued solutions are

btained for c1, c2, cu, and cv from Eq. �11�.
This energy based analysis has been used by many researchers.

or example, Hutchinson �13�, Xue et al. �14�, and Cao and co-
orkers �15,16� used the critical buckling stress as the criterion to

valuate the onset of buckling.
The post-buckling process can be interpreted as follows from

he energy view point.

�1� When the edge load is smaller than the critical load, the
plate maintains a flat geometry because it is the configura-
tion that gives the plate the minimum strain energy.

�2� When the edge force increases beyond the critical load, the

2

ig. 4 Buckling amplitude as a function of the buckling load
0

MATHEMATICA is a product of Wolfram Research.
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plate takes equilibrium in a bent form because it is the
geometry that gives the plate the minimum strain energy.

3 Flatness Analysis Based on Energy Method
The above-explained post-buckling analysis procedure can be

extended to develop a method for the flatness analysis. It can be
considered that the wave in the plate will be formed in a way to
minimize the strain energy of the entire rolled plate.

The strain energy of the entire rolled plate is U�LT /L�, where U
is the strain energy of the plate of one buckling length defined in
Eq. �3� �also see Fig. 1�, and LT is the total length of the rolled
plate, which is typically much longer than L. LT /L represents the
number of waves in the rolled plate. To minimize the strain energy
in the entire rolled plate of a given length LT, U /L should be
minimized. Therefore, the following equation should be satisfied
in addition to the equations stated in Eq. �11�:

�

�L
�U

L
� = 0 �12�

Solving Eqs. �11� and �12� simultaneously, the buckling length
and deflection are obtained simultaneously.

Adding one nonlinear equation makes the symbolic solution of
the problem considerably more difficult. As an alternative, Eq.
�11� can be solved repeatedly while changing the plate length L.
From the plot of U /L versus L, the buckling length can be defined
as the length corresponding to the minimum U /L value. Figure 5
shows the U /L plotted as a function of L for the symmetric mode
�Eq. �9a�� and antisymmetric mode �Eq. �9b�� when B=200 mm,
h=1 mm, E=229.365 GPa, 	=0.25, and N0=50 N /mm. The
symmetric buckling has a slightly lower minimum U /L value,
therefore, it will happen in most cases. Because the difference is
very small, this can also happen for antisymmetric modes with
deviations of the geometry or properties of the plate products.

Figure 5 shows that the minimum U /L occurs at L=163 mm,
which is the buckling length. It is seen that U /L value is constant
when L is shorter than 78 mm. The given edge load �N0
=50 N /mm� is the critical load of the plate that is 78 mm long;
therefore, the plate remains flat, i.e., unbuckled, for the length
shorter than 78 mm.

Figure 6 is the buckling amplitude calculated for the range of L
used in Fig. 7 for the symmetric mode. Theoretically, the rolled
plate will buckle only with L=163 mm. The actual buckling

Fig. 5 Symmetric „solid line… and antisymmetric „dotted… two-
term solution
length will vary slightly due to variations of the product dimen-
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ion. At this length, the buckling amplitude is 1.29 mm; therefore,
he flatness �amplitude/buckling length� is predicted to be 0.79%.

Closed Form Solution Based on One-Term Displace-
ent Function
Edge compression case

Nx�y� = N0�1 − 2� y

B
��

0 � y � B

The symbolic solution of Eq. �11� becomes too lengthy to be
resented in a closed form. A one-term approximation is con-
ucted to obtain closed form solutions. To determine which term
f Eq. �9� should be kept, c1 and c2 values are compared in Fig. 7.
t is seen that two coefficients are comparable in most ranges of L
n the antisymmetric case; therefore, a one-term solution will not
e accurate. In the symmetric mode, c2 is much bigger than c1 in
he entire range of L; therefore, the one-term solution can be taken
or the symmetric mode as follows:

Fig. 6 Buckling amplitude obtained for a symmetric mode
Fig. 7 Comparison of C1 and C2 for the edge compression ca

ournal of Applied Mechanics

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
W�y� = c2� y

B
�2

�13�

This reduces the number of equations to solve from four to three.
Figure 8 compares the buckling amplitude obtained by the one-
and two-term W�y� functions. The comparison confirms that the
one-term solution will be a good approximation for the symmetric
mode. Because the symmetric mode has a lower U /L value, the
one-term solution will serve well for all cases of the edge com-
pressed plate.

Center compression case

Nx�y� = N0�2� y

B
� − 1�

0 � y � B

As mentioned, only symmetric modes will exist in this case. c1
and c2 values are compared for this case in Fig. 9. The comparison
indicates that neither term is negligible, compared with the other;
therefore, a one-term solution will not provide a good approxima-
tion.

An alternative one-term displacement function can be consid-
ered, based on the expected deflection form of the plate as fol-
lows:

Fig. 8 Comparison of buckling amplitude calculated for the
edge compression case using the symmetric mode function:
one-term solution „dotted… and two-term solution „solid…
se; symmetric mode „left… and antisymmetric mode „right…

JULY 2010, Vol. 77 / 041005-5
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W�y� = c2�1 − � y

B
�2� �14�

igure 10 compares the buckling amplitude obtained by the one-
erm approximation in Eq. �14� and the two-term solution ob-
ained by using two terms �Eq. �9a��. The figure shows that the
ne-term approximation, while it is not as good as the edge buck-
ing case, may be used for a quick, approximate estimation of the
atness. It is seen that the two-term solution provides higher am-
litude, which is expected as the approximate solutions are upper-
ound solutions and the two-term solution is less approximate
han the one-term solution.

Closed form expressions of U /L and the coefficient c2 in Eqs.
13� and �14� are shown in the Appendix for both the center com-
ression and edge compression cases. Notice that c2 is the maxi-
um buckling deflection. The buckling length L is the length that

orresponds to the minimum U /L. The steepness is found from
he ratio of the maximum deflection and the buckling length. Be-
ng closed forms, these one-term solutions can be used for a quick
stimation of the flatness.

Parameter Study
A parameter study was conducted to see the effects of main

ariables using the simulation, based on the two-term solution.
nly one parameter was changed from the reference case of B
200 mm, N0=50 N /mm, and h=1.0 mm. Material properties
ere taken as E=229.365 GPa, 	=0.275.
Figure 11 shows the effect of the load level �N0� on the flatness

=� /L. Simulation results showed that the increase in the load
ecreases buckling length L while increasing the amplitude �. As
result, flatness increases rapidly as the load increases.

ig. 9 Comparison of C1 and C2 for the center compression
ase

ig. 10 Comparison of buckling amplitude calculated for the
enter compression case: one-term solution „dotted… and two-

erm solution „solid…

41005-6 / Vol. 77, JULY 2010
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Figure 12 shows the effect of the plate thickness on the flatness.
Simulation results showed that the increase in the thickness in-
creases buckling length L while decreasing amplitude �, resulting
in a rapid decrease in the flatness.

Figure 13 shows that the effect of the plate width on the flatness
is not significant in the range that the buckling occurs. This is
because the increase in the width increases both buckling length L
and buckling amplitude � nearly at the same rate.

The observations obtained from the parameter study are not
only compatible with physical insights, but also well correlated
with observations in the product line �1,3�.

6 Summary and Conclusion
A new analysis method has been developed to predict formation

of a periodic wavy surface in a thin rolled plate. This problem,
also called flatness or wave problem, is the result of post-buckling
of the plate due to residual stresses formed during the rolling
process. Unlike in usual buckling problems, the buckling length is
not given, but has to be found in this problem. One popular ap-
proach has been to determine the buckling length as the plate
length associated with the lowest critical load for the given load

Fig. 11 Effect of magnitude of the load N0 on flatness. Solid
line: symmetric edge buckling; dotted line: antisymmetric edge
buckling; dashed line: center buckling.

Fig. 12 Effect of the plate thickness on flatness. Solid line is
symmetric edge buckling; dotted line: antisymmetric edge

buckling; dashed line: center buckling.
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rofile. It is shown that the approach is actually based on a flawed
nterpretation of the wave formation process; therefore, it is incor-
ect.

The new analysis method was developed in this work by ex-
ending a classic post-buckling analysis method, based on the

inimum energy principle conducted by Timoshenko and Gere
9�. The approach utilizes the fact that the buckling wave would
e formed in the configuration to minimize the strain energy in the
late. Extending this interpretation, the buckling length could be
etermined from the condition to minimize the strain energy in the
ntire rolled plate, which minimizes the strain energy per unit
ength of the plate. This new approach enables solving this type of
ost-buckling problem correctly for the first time without using
ny unfounded assumption or hypothesis. Analytic solutions,
ased on two-term displacement functions and one-term displace-
ent functions, were obtained. Especially, the one-term solutions
ere obtained in closed forms, which can be used for the quick
rediction of formation of the buckling wave.

The new approach can be implemented with any numerical
ethod including the finite element method �FEM�. For example,
EM based post-buckling solutions can be obtained repeatedly
hile varying the length of the plate; then the result that corre-

ponds to the minimum U /L can be taken as the solution. A semi-
nalytic solution procedure of the approach can also be developed.

Newton–Rhapson method based approach is being developed,
hich will be reported very soon in a sequel paper. Numerical
ethods can solve flatness problems subjected to more general

orms of edge load.
The correct analysis method to solve the flatness problem has a

ignificant commercial value. Along with a rolling simulation pro-
ram that calculates the residual stress available, the developed
ethod can determine the rolling condition for the maximum pro-

uctivity without incurring the flatness problem. The procedure is
nvisioned as follows.

�1� Estimate the residual stress by using a rolling simulation
program for the given production speed.

�2� Calculate the predicted flatness by using the developed
analysis method.

�3� If the flatness exceeds the maximum allowed, the residual
stress will have to be decreased, which will require more
gradual reduction in thickness, therefore, more rolling sta-
tions; if the flatness is significantly smaller than the maxi-
mum allowed, more rapid reduction in thickness, i.e., fewer
rolling stations can be used. This will enable a higher

ig. 13 Effect of the plate width on flatness. Solid line: sym-
etric edge buckling; dotted line: antisymmetric edge buck-

ing; dashed line: center buckling.
throughput of the given rolling system.
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It is noted that the developed analysis procedure still relies on
many simplifications as it ignores various effects such as chatter-
ing of the roll system, temperature changes, friction, and nonlin-
earity of material properties. Effects of these simplifications will
have to be the subjects of future research.
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Appendix: Closed Form One-Term Solution

• U /L is the strain energy of the plate per unit length. By
plotting U /L, the length that corresponds to the minimum
value of U /L is identified as the buckling length.

• C2 is the coefficients in Eqs. �13� and �14�. C2 is actually the
maximum buckling amplitude.

• The same definitions of variables are used; for example, B is
the plate width, L is the plate length, h is the plate thickness,
E is the Young’s modulus, and N0 is the load. “a, b, c, d”
were used to make the equations more tractable.

Edge compression case

Nx�y� = N0�1 − 2� y

B
��

Symmetric mode

W�y� = C2� y

B
�2

U/L�C2,L,B,h,E� =
a

b

a = �B2N0
2L4�2.085B18 + 8.83L2B16 + 15.8L4B14 + 15.57L6B12

+ 9.03L8B10 + 3.096L10B8 + 0.59L12B6 + 0.0568L14B4

+ 0.002563L16B2 + 4.3 
 10−5L18� + B2C2
2hEN0L2�− 0.954B18

− 4.0798L2B16 − 7.404L4B14 − 7.38L6B12 − 4.38L8B10

− 1.55L10B80.317L12B6 − 0.034L14B4 − 1.78 
 10−3L16B2

− 3.58 
 10−5L18� + C2
2h2��0.736C2

2 + 0.849h2�B20 + �3.35C2
2

+ 4.42h2�L2B18 + �6.85C2
2 + 9.321h2�L4B16 + �8.35C2

2

+ 11.82h2�L6B14 + �6.83C2
2 + 9.53h2�L8B12 + �3.93C2

2

+ 5.05h2�L10B10 + �1.58C2
2 + 1.76h2�L12B8�0.418C2

2

+ 0.389h2�L14B6 + �0.064C2
2 + 0.049h2�L16B4 + �4.42


 10−3C2
2 + 3.08 
 10−3h2�L18B2 + �1.08 
 10−4C2

2 + 7.02


 10−5h2�L20��

b = B3h2L4E2�B8 + 2.1L2B6 + 1.512L4B4 + 0.401L6B2 + 0.02L8�2

C2=
c /d, which is the maximum buckling deflection, where

c = N0B2L2�1.91B18 + 8.15L2B16 + 14.8L4B14 + 14.77L6B12

+ 8.768L8B10 + 3.117L10B8 + 0.635L12B6 + 0.068L14B4 + 3.56


 10−3L16B2 + 7.1 
 10−58L18 − h3E�1.69B20 + 8.482L2B18

+ 18.64L4B16 + 23.64L6B14 + 19.06L8B12 + 10.11L10B10

+ 3.527L12B8 + 0.779L14B6 + 0.099L16B4 + 6.16 
 10−3L18B2

−4 20
+ 1.4 
 10 L ��
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C

S

C

0

Downlo
d = hE�2.945B20 + 13.429L2B18 + 27.412L4B16 + 33.433L6B14

+ 27.349L8B12 + 15.733L10B10 + 6.327L12B8 + 1.674L14B6

+ 0.256L16B4 + 0.0177L18B2 + 4.35 
 10−4L20�

enter compression case

Nx�y� = N0�2� y

B
� − 1�

ymmetric mode

W�y� = C2�1 − � y

B
�2�

U/L�C2,L,B,h,E� =
a

b

a = �B2N0
2L4�4137.7B18 + 16774.1L2B16 + 29471.3L4B14

+ 29431.L6B12 + 18324.9L8B10 + 7250.58L10B8 + 1732.2L12B6

+ 207.901L14B4 + 6.06246L16B2 + 0.0462677L18�

+ B2C2
2hEN0L2�− 13253.5B18 − 49771.2L2B16 − 74248L4B14

− 52970.8L6B12 − 14479.7L8B10 + 3185.92L10B8

+ 2968.87L12B6 + 582.509L14B4 + 20.1868L16B2

+ 0.186186L18� + C2
2h2��36580.5C2

2 + 31446.4h2�B20

+ �151672C2
2 + 144327h2�L2B18 + �268469C2

2

+ 286882h2�L4B16 + �266026C2
2 + 322599h2�L6B14

+ �164157C2
2 + 224781h2�L8B12 + �67598.9C2

2

+ 99830.2h2�L10B10 + �19785.5C2
2

+ 27941.4h2�L12B8�4147.96C2
2 + 4669.15h2�L14B6

+ �515.777C2
2 + 408.446h2�L16B4 + �19.0894C2

2

+ 13.1836h2�L18B2 + �0.212577C2
2 + 0.137278h2�L20��

b = 14527.3B3h2L4E2�B8 + 2.04151L2B6 + 1.40483L4B4

+ 0.336794L6B2 + 0.007529L8�2




2= c /d, where
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c = N0B2L2�26507.1B18 + 99542.5L2B16 + 148496.L4B14

+ 105942L6B12 + 28959.4L8B10 − 6371.84L10B8

− 5937.73L12B6 − 1165.02L14B4 − 40.3736L16B2

− 0.372373L18 − h3E�62892.7B20 + 288654L2B18

+ 573764L4B16 + 645198L6B14 + 449562L8B12

+ 199660L10B10 + 55882.9L12B8 + 9338.3L14B6

+ 816.892L16B4 + 26.36L18B2 + 0.2745L20��

d = hE�146322B20 + 606687L2B18 + 1.07388 
 106L4B16 + 1.0641


 106L6B14 + 656627L8B12 + 270396L10B10 + 79142.L12B8

+ 16591.9L14B6 + 2063.11L16B4 + 76.3575L18B2 + 0.85L20�
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